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a b s t r a c t

A simple yet relatively complete model and numerical solution method for describing the effects of
osmotic pressure on the compressibility of materials bearing surface charges, and its dependence on
bulk solution properties is presented. The basis of this thermodynamic model is Donnan equilibrium
and surface charge regulation. The model is capable of explaining effects that were observed in [1] with
regard to the effect of salt addition on wastewater treatment sludge compressibility. The simulation
eywords:
ludge
ompressibility
odelling

results suggest that the filtrate conductivity changes with the level of compression, which was confirmed
experimentally. Furthermore, the simulation results suggest a dependence of compressibility on the
dewatering method, i.e. on the fate of the expelled water. In case the solution that is expelled from the
compressed gel stays in contact with the gel (e.g. centrifugation), the compressibility properties can be
different from the properties in case the expelled water is completely removed (e.g. filtration).
smotic pressure

onnan equilibrium
ewatering

. Introduction

Wastewater sludges, and more generally biotic sludges, are
ften considered to be hard to dewater. In contrast to most slurries
f inorganic nature, they show a non-classic filtration behaviour. It
as been observed that during pressure dewatering, an increase in
he applied pressure results in only a very weak flux improvement.
his has been attributed to the extreme compressibility of biotic
ludges, leading to the formation of a highly compressed gel layer,
ust above the filter medium [2].

Typically in filtration modelling, the compressibility of the solids
s expressed using empirically determined constitutive equations.

frequently used equation is the power law function of [3]:

= �g

(
1 + ps

pa

)ˇ

. (1)

any other equations have been suggested for different materials
r applications. All of these have been determined empirically and
hey do not contribute directly to a better understanding of the
nderlying physical driving forces. The equations do not explain
hy certain materials behave in a certain way or why exactly a

aterial has a certain functional form describing the relationship

etween two variables.
Keiding et al. [4,5] introduced the idea that osmotic pressure

overns the compressibility behaviour of sludge and – as a con-
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sequence – also its filtration behaviour. Earlier, Legrand et al. [6]
had pointed out the similarity between wastewater sludge and a
low charge anionic gel network with respect to flocculation and
deswelling behaviour. This is due to a large fraction of biotic sludges
being made up of extracellular polymeric substances (EPS), con-
taining proteins, polysaccharides, humic substances and nucleic
acids [7–10], all of which contain charged functional groups. A
generally accepted model of sewage sludge consists of aggregated
microorganisms embedded in an EPS gel matrix [11–16]. Chris-
tensen and Hinge [17] used solid polystyrene cores copolymerised
with a charged polyacrylic acid network on the outside as a model
system for a microorganism slurry. Seviour et al. [18] made a clear
case for understanding the properties of sludge granules – strongly
related to sludge flocs – as hydrogels. Curvers et al. [1] showed that
the compressibility of wastewater treatment sludge is significantly
affected by the bulk salt concentration, indicating a charge related
mechanism being at least partly responsible for its compression
behaviour. Earlier, Jean and Lee [19] also found a critical salt (NaCl)
concentration to increase sludge dewatering efficiency. Higher con-
centrations were found to reduce the efficiency again, which was
attributed to ion exchange leading to floc breakdown.

2. Theoretical background
Keiding and Rasmussen [4] derived a simple equation express-
ing the osmotic pressure difference as a function of the solids
fraction, and state that – together with a Kozeny-Carman type equa-
tion for the local cake resistance – this can be used to describe the
filtration kinetics for sludge. They start from the Van’t Hoff equation

dx.doi.org/10.1016/j.cej.2010.11.046
http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
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or the osmotic pressure difference �˘:

˘ = RT�C, (2)

ith R the universal gas constant [Pa m3 K−1 mol−1], T the temper-
ture [K] and �C the concentration difference [mol/m3].

Assuming that the total solids stress is equal to the osmotic pres-
ure difference, that the net counterion concentration is equal to the
oncentration of surface charges, and that dissolved neutral salts do
ot contribute to a concentration difference between the filter cake
nd the external bulk, Keiding and Rasmussen [4] transformed Eq.
2) into an expression for the solids pressure ps:

s = �˘ = RT��
(1 − ε)

ε
, (3)

ith � the charge density [meq/g solid], � the solids density [kg/m3]
nd ε the porosity of the cake [−].

In this paper, we will look further into the interactions between
urface charges and the bulk ion concentration, and the resulting
smotic pressure difference. We will only discuss the part of the
smotic pressure that is due to electrostatic interactions, and try to
xplain the effects of bulk ionic concentration on sludge compress-
bility and how this relates to the current usage of compressibility in
ltration science. Structural properties (e.g. solid elasticity) as well
s other, non-electrostatic effects contributing to the total effec-
ive osmotic pressure difference, such as the free energy related to
olymer mixing and polymer elasticity [20], are not considered in
his model.

A model is developed that is simple enough to allow relatively
asy calculation and interpretation. On the other hand, some of
he simplifications made in the afforementioned works are dis-

issed in order to increase the relevance of the model and better
xplain charge related effects. As a result, the model does not aim
o describe the total filtration process nor compressibility to its
ull extent, but it does offer a way of interpreting the effect of
ulk electrolyte concentration on compressibility, and provides a
traightforward ability to be used in a more general model, beyond
he scope of this paper.

.1. Osmotic pressure

When two solutions with a different solute concentration are
eparated by a semipermeable membrane – permeable to the sol-
ent, but impermeable to the solute – solvent will migrate from the
ompartment with the lowest solute concentration to the one with
he highest concentration. This flow can be stopped by applying an
xtra pressure to the solution with the highest concentration. This
s the osmotic pressure difference, often calculated using the Van’t
off equation [2].

This equation is only valid for dilute ideal solutions. The devia-
ion from ideal behaviour can be expressed by means of an osmotic
oefficient �(C). The osmotic pressure of a solution with solute con-
entration C is then given by [21]:

� �(C)RTC. (4)

he value of the �(C) coefficient depends on the solute species
nd concentration. For different combinations of salts, the osmotic
oefficient as a function of the concentration can be found in the lit-
rature (e.g. [22,23]). For a solution of NaCl, the osmotic coefficient
s given by [22]:

= 1 − St

√
d0

3

[
(1 + A

√
m) − 2 ln(1 + A

√
m) − 1√

]

A m (1 + A m)

+ Bm + Cm2 + Dm3, (5)

ith m the salt concentration in moles per kg solvent. The vari-
bles in Eq. (5) are used for calculating the osmotic coefficient
g Journal 166 (2011) 678–686 679

at different temperatures. At 20 ◦C, St

√
d0 = 1.1607, A = 1.4596,

B = 1.061 × 10−2, C = 1.778 × 10−2 and D = −1.94 × 10−3.

2.2. Charge regulation

Activated sludge surface charges arise from the dissociation of
functional groups. Each functional group dissociation is governed
by a dissociation constant. Example for a carboxyl group:

Ka = [COO−] · [H+]
[COOH]

. (6)

It is clear from Eq. (6) that the degree of dissociation depends on the
pH within the gel but also plays a role in determining it. Even though
the effect of charge regulation can be significant, it is often omit-
ted in the modelling of polyelectrolyte swelling pressure [4,24,25].
This leads to an overestimation of the surface charge density in
most cases except when the charged groups are in the salt form,
i.e. each surface charge is compensated by a dissociated counte-
rion and the hydronium concentration is low in comparison to
the counterion concentration. Other models calculate the dissocia-
tion degree based on the bulk pH [26]. This yields a more versatile
model, but still imposes some restrictions as a fixed bulk pH has to
be known or assumed. For the model presented herein, charge reg-
ulation is included by assuming a pKa value for the surface charges
and including Eq. (6) in the overall mass balance. This leads to a dis-
sociation number ˛, indicating the fraction of ionisable functional
groups that are effectively dissociated:

Ka = ˛fcp · [H+]
(1 − ˛)fcp

= ˛ · [H+]
(1 − ˛)

, (7)

with fcp the total concentration of available ionisable groups
(fcp = [COO−] + [COOH]). Only one pKa value was chosen for sim-
plicity’s sake, but the mass balance can be supplemented with
additional pKa values. Dignac et al. [27] found glutamic acid (side
chain pKa 4.07) and aspartic acid (pKa 3.86) to be the most abun-
dant amino acids in activated sludge EPS. As such, calculations will
be based on a pKa value of 4.00. The dissociation constant for Na+

is much higher than the dissociation constant for hydroxonium
[28], and counterion condensation (Manning condensation) is not
normal for weakly charged gels, such as EPS. At high Na+ concen-
trations, counterion condensation can take place, but this effect has
not been considered hereafter.

3. The model system

3.1. Assumptions

A gel system, consisting of a weakly charged cross-linked
polyanion gel with its counterions (Na+), dissolved in a solvent
(water) and surrounded by a bulk with a certain concentration of
a neutral salt (NaCl) is considered. It is assumed that all changes
within the gel are isotropic, so for a given applied pressure, the
average solids concentration is constant throughout the gel. The
gel is in equilibrium with an external bulk solution. Of interest is
the pressure ps that is required to increase the polymer concen-
tration in the gel to a certain level and the effect of the bulk ion
concentration on this pressure.

A second assumption has to be made with regard to the bulk
solution. This solution can be regarded either as an infinite reservoir
with a constant salt concentration, as an initial volume of solvent

with an initial salt concentration, or it can be assumed to be non-
existent. None of these situations apply to reality, but it can be
expected that in the case of equilibrium centrifugation, the second
situation will be the best approximation. When starting with a rea-
sonably dilute suspension, the first case and the second situation
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ill yield comparable results. Pressure filtration, on the other hand,
s probably more closely resembled by the third, as in most cases,
he water expelled from the gel is physically separated from the gel.
he first situation is both more trivial to calculate and less relevant
o actual dewatering processes than the other two cases, so it will
ot treated in this instance.

.2. Governing equations

.2.1. Constant total volume
The first case considered is a system with a constant total solu-

ion volume Vtot. Water expelled from the gel – upon increase of the
olids pressure ps – is added to the bulk, and contributes to the bulk
on concentrations. As follows from above, the thermodynamic
quilibrium is governed by the following set of equations:

in · [Na+
in

] + Vout · [Na+
out] = [Na+

tot] · Vtot; (8)

in · [Cl−in] + Vout · [Cl−out] = [Cl−tot] · Vtot; (9)

H3O+
in] · [OH−

in] = 10−14; (10)

H3O+
out] · [OH−

out] = 10−14; (11)

H3O+
in] + [Na+

in
] = ˛ · fcp + [OH−

in] + [Cl−in]; (12)

H3O+
out] + [Na+

out] = [OH−
out] + [Cl−out]; (13)

Na+
in

] · [Cl−in] = [Na+
out] · [Cl−out]; (14)

a = ˛ · [H+]
(1 − ˛)

; (15)

[Na+
in

]

[Na+
out]

= [H3O+
in]

[H3O+
out]

. (16)

he square brackets designate concentrations, the subscripts indi-
ate the position: the bulk solution (out), the solution within the gel
in) or the sum of both (tot). In Eqs. (10), (11), (14)–(16), concentra-
ions are used as an approximation of the corresponding activities.
Note that upon solving these equations, a better approximation of
he activities can always be found using the calculated concentra-
ions for determining the ionic strength.) Eqs. (8) and (9) express the
onservation of Na+ and Cl− ions within the system. Eqs. (10) and
11) denote the dissociation equilibrium of water. Eqs. (12) and (13)
xpress electroneutrality in both compartments. Eq. (14) expresses
hat the total activity of the neutral salt is equal in both compart-

ents, Eq. (15) is equal to Eq. (7) and Eq. (16) refers to the fact that
he ratio of the concentrations in both compartments is equal for
qually charged ions, as dictated by the electrochemical potential.

Note that Eqs. (8), (9) and (12) allow to specify whether the
olyanion is added to the system in the salt form (Na+ as counte-
ion), or as an acid (initially not dissociated). For the case where all
roups are initially present in the acid form, [Na+

tot] · Vtot = [Cl−tot] ·
tot; when all groups are present in the salt form, [Na+

tot] · Vtot =
Cl−tot] · Vtot + fcp · Vin. A combination of the salt and the acid forms
esults in a Na+ concentration between these extremes. Concentra-
ions outside this range correspond to the addition of either NaOH
r HCl and will influence the bulk pH.

This set of equations cannot be solved analytically in a trivial
ay, but it can be simplified into a set of two equations in two
nknowns, which can then be solved numerically. More informa-
ion about the numerical solving method can be found in Appendix
.

.2.2. Removal of expelled solution
The second scenario considered is a system where the solution

hat is expelled from the gel is physically removed from the system.
s a result, the equilibrium is no longer influenced by a surrounding
g Journal 166 (2011) 678–686

bulk solution. Simulating this effect is done by starting with a gel
that fills the total system (no free bulk present), and considering a
very small increase in �. This increase in � corresponds with a small
volume of solution that is expelled from the gel. For this situation,
the system of equations (8)–(16) is solved with Vout being the small
volume of solution that has been expelled from the gel. Then, this
volume is subtracted from the total system, and the total Na+ and
Cl− concentrations are changed accordingly. Note that this is a rad-
ical simplification of the filtration process, as in reality, filtration
is not an isotropic process, i.e. a range of different volume frac-
tions and solids pressures are present within the filter cake during
filtration.

The total amount of Na+ and Cl− within the system no longer
remains constant. Once these ions are removed, they can no longer
influence the gel equilibrium. As such, it can be expected that the
osmotic pressure difference (between the gel and the water that
has been expelled but not yet removed) as a function of the solids
volume fraction is different from the former case.

In both cases, the net osmotic pressure can be calculated as the
difference between the osmotic pressure within the gel and in the
bulk, according to Eq. (4).

4. Materials and methods

4.1. Crosslinked polyacrylic acid

Filtration experiments were performed on a commercially
available cross-linked polyacrylic acid gel (‘poly(acrylic acid), par-
tial sodium salt-graft-poly(ethylene oxide), cross linked’, Aldrich
Chemistry, Germany). Gel suspensions (4 g/L) were prepared in
demineralised water with a background conductivity of 5 �S/cm.
The suspensions were prepared and stirred for at least 24 h prior to
the dewatering experiments to ensure complete hydration.

4.2. Filtrate conductivity

Filtrations were performed on a lab-scale dead-end filtration
setup, described in more detail in [29]. The displacement of the pis-
ton was used to monitor the filtrate volume. The filtrations were
performed on a volume of 250 mL of suspension at two different
pressures (300 and 500 kPa). The filtrate outlet of the filtration
rig was directly connected to the measuring cell of a conductivity
meter (Consort K612 with Consort SK10T electrode). To guide the
liquid through the electrode and to restrict the measuring volume,
the electrode was closed off using flexible tubing. As the electrode
cell is designed to be totally immersed in the liquid, this restriction
makes that the results cannot be interpreted as absolute conduc-
tivity figures, but have to be considered in a relative way. To reduce
evaporation effects, the exit for the liquid was restricted to a small
hole. It was checked that the liquid velocity did not have a signifi-
cant influence on the conductivity measurement.

5. Results

5.1. Case 1: constant total volume

All calculations were performed using a pKa value of 4, and
a total available surface charge density of −0.5 meq/g suspended
solids [30]. To transform this surface charge density into a volu-
metric surface charge concentration, a density of 1500 kg/m3 was

assumed. The temperature was set at 20 and the calculations were
performed with a 450 bit precision (cf. Appendix A).

Fig. 1 demonstrates the importance of including charge equilib-
ria and the initial state of the functional groups in the model. In the
legend, f(Na) denotes the fraction of all available ionisable groups
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Table 1
Calculated concentrations and derived variables for a gel with a pKa value of 4.00, a surface charge density of −0.5 meq/g, an initial solids volume fraction of 0.01 and a bulk
solution of 0.25 M NaCl at a solids volume fraction � of 0.05 and 0.30 and with f(Na) = 0.0, 0.5 and 1.0.

f(Na) � = 0.05 � = 0.30

1.0 0.5 0.0 1.0 0.5 0.0

�˘ [kPa] 3.452 0.913 0.041 211.325 58.479 2.564
˛ 0.9999 0.5122 0.1081 0.9998 0.5093 0.1052
Cl−in [M] 0.235 0.242 0.248 0.139 0.183 0.234
Cl−out [M] 0.254 0.252 0.250 0.253 0.252 0.250

+ .252 0.460 0.346 0.267
.250 0.253 0.252 0.250
.084 7.813 4.016 3.070
.087 8.074 4.155 3.099

t
m
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t
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t
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v
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l
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a
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i
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s
t

Na
in

[M] 0.274 0.262 0
Na+

out [M] 0.254 0.252 0
pHin 7.929 4.021 3
pHout 7.962 4.039 3

hat are initially in the salt form (as shown in Section 3.2.1, deter-
ined by Eqs. (8), (9) and (12)). For f(Na) = 1, all groups are initially

n the salt form (and ionised). For f(Na) = 0, all groups are added in
he acid form and can be ionised, as determined by the dissociation
onstant. The bulk salt concentration was set at 0.25 M, the ratio of
he volume of solids in the gel to the total volume (gel + bulk) was
.01. Some extra simulation results are shown in Table 1. At a solids
olume fraction in the gel of 0.30, the osmotic pressure differences
re 211.3, 58.5 and 2.6 kPa respectively for f(Na) = 1, 0.5 and 0. The
arge differences between these osmotic pressures are due to the
act that, in case of the acid form, most of the functional groups are
ctually not dissociated. For lower pKa values (stronger acids), the
issociated fraction will be higher. In this case, at a solids volume
raction of 0.30, and for a pKa value of 4, the fraction of dissoci-
ted functional groups is 0.9998, 0.5093 and 0.1052 respectively for
(Na) = 1, 0.5 and 0, as shown in Table 1. This means that the num-
er of available charges for f(Na) = 0 is only ≈10% of the number of
harges for f(Na) = 1.

As discussed by Mikkelsen [30], it is hard to discern between
onised and ionisable functional groups, and different measuring

ethods can yield different results. It is unconceivable, however,
hat either all functional groups are in salt form or all are in acid

orm. For further calculations, a f(Na) = 0.5 will be used.

Fig. 2 shows the effect of bulk electrolyte concentration on the
smotic pressure difference between the gel and the bulk. Clearly,
ncreasing the electrolyte concentration leads to a decrease of the
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ig. 1. The effect of charge equilibria and the initial state of the functional groups
n the total osmotic pressure difference for a gel with a pKa value of 4.00, a surface
harge density of −0.5 meq/g, an initial solids volume fraction of 0.01 and a bulk
olution of 0.25 M NaCl. f(Na) denotes the fraction of all available ionisable groups
hat are added to the system in the salt form.
Fig. 2. The effect of bulk electrolyte concentration on the overall osmotic pressure
difference for a gel with a pKa value of 4.00, a surface charge density of −0.5 meq/g,
an initial solids volume fraction of 0.01 and an initial fraction in the salt form f(Na)
of 0.5.

osmotic pressure difference. Accordingly, for a given pressure, a
higher solid content will be reached upon increasing the bulk elec-
trolyte concentration. At a solids pressure of 100 kPa, for example,
solids volume fractions of 0.27, 0.36 and 0.43 will be reached with
this system for bulk electrolyte concentrations of 0.10, 0.25 and
0.50 M respectively. This agrees with the experimental data from
[1], where addition of NaCl led to an increase of the solids volume
fraction, both in filtration and centrifugation experiments. Table 2

gives an overview of the osmotic pressure differences at a solids
volume fraction of 0.30 for different bulk salt concentrations, as
well as calculated concentrations and derived variables. An inter-
esting effect is that of salt addition on the bulk pH. In the absence

Table 2
The osmotic pressure difference at a solids volume fraction of 0.30 for a gel with a
pKa value of 4.00, a surface charge density of −0.5 meq/g, an initial solids volume
fraction of 0.01 and an initial fraction in the salt form f(Na) of 0.5 at different bulk
electrolyte concentrations.

Bulk conc. [M] 0.01 0.10 0.25 0.50

�˘ [kPa] 318.32 127.21 58.48 31.59
˛ 0.501 0.506 0.509 0.511
Cl−in [M] 0.001 0.049 0.183 0.426
Cl−out [M] 0.010 0.101 0.252 0.502
Na+

in
[M] 0.162 0.211 0.346 0.590

Na+
out [M] 0.010 0.101 0.252 0.502

pHin 4.002 4.011 4.016 4.019
pHout 5.201 4.330 4.155 4.089
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solution decreases with increasing levels of compression. This is
due to the Donnan equilibrium, implying a higher neutral salt con-
centration outside the gel, leading to a depletion of the salt levels
within the gel.
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olume fraction with a bulk electrolyte concentration of 0.20 M and 1.00 M NaCl
espectively as a function of the solids volume fraction for different forms of the
onisable groups in a system where the expelled water remains in contact with the
el.

f electrolyte, the dissociated protons are kept within the gel for
easons of electroneutrality, whereas when Na+-ions are present
n the bulk, these can exchange with the protons in the gel, lead-
ng to an increased pH inside the gel, and a decreased pH in the
ree bulk. Note that the pH values in Table 2 are derived from the
alculated proton concentration whereas in reality, the pH is based
n the proton activity. The activity coefficient is lower for higher
lectrolyte concentration (higher ionic strength), which results in
igher pH values in reality. This is to some extent compensated

or by the fact that the dissociation is also based on activity, which
ould, in reality, lead to a higher degree of dissociation as well.

Fig. 3 shows the relative decrease in solids pressure required
o reach a given solids volume fraction with a bulk elec-
rolyte concentration of 0.20 M and 1.00 M NaCl respectively
[�˘0.2 M − �˘1 M]/�˘0.2 M) as a function of said solids volume
raction for different forms of the ionisable groups (salt or acid
orm). It illustrates the relative effect of adding salt on the osmotic
ressure difference. For the simulated system, the increase of the
ulk electrolyte brings about a decrease of the required pressure to
each a given solids volume fraction of around 75%. At increasing
olids pressures, or increasing solids volume fractions, the rela-
ive effect of adding salt on the overall osmotic pressure difference
essens. This seems in contrast with what was observed for equilib-
ium centrifugation by Curvers et al. [1]. In this study, an increase
n the relative effect was observed for centrifugation. At the lower
ressures, however, which are relevant to sludge centrifugation,
he decrease in the relative effect of salt addition is very small.

Interestingly, the effect of salt addition is higher when all func-
ional groups are in the acid form than when they are in the salt
orm. This is due to the fact that in this case, less functional groups
re ionised, and the relative abundance of [Na+

in
] over the surface

harges is higher. As shown above, the number of available charges
or f(Na) = 0 is only ≈10% of the number of charges for f(Na) = 1.
ence, the relative excess of NaCl is 10 times as large, making the
ffect of adding (a fixed amount of) salt stronger.
.2. Case 2: filtrate removal

Fig. 4 shows the effect of bulk concentration on the osmotic
ressure difference between the gel and the bulk. When comparing
his to Fig. 2, it is clear that both cases result in different osmotic
Solids volume fraction [-]

Fig. 4. The effect of bulk concentration on the overall osmotic pressure difference.
Increasing the bulk pressure reduces the total osmotic pressure difference.

pressure differences, and as such, different material behaviours.
In the second case, a higher solid pressure is required to reach a
given solids volume fraction. The difference can also be observed
in Fig. 3 in comparison to Fig. 5, where the former shows distinctly
more dependence on the solids volume fraction. This means that for
materials where compressibility is largely determined by osmotic
pressure (charged systems at relatively low salt concentrations),
their behaviour during dewatering can be different for different
dewatering methods.

Fig. 6 shows the influence of compression on the pH and Na+

concentration of the solution expelled from a gel with a pKa value
of 4.00, a surface charge density of −0.5 meq/g, an initial solids vol-
ume fraction of 0.01, an initial electrolyte concentration of 0.1 M
and f(Na) set to 0.5. The pH calculation is based on the simulated
[H3O+ ] concentrations. The salt concentration in the expelled
Solids volume fraction [-]

Fig. 5. The relative decrease in solid pressure required for reaching a given solids
volume fraction with a bulk electrolyte concentration of 0.20 M and 1.00 M NaCl
respectively as a function of the solids volume fraction for different forms of the
ionisable groups in a system where the expelled water is removed.
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ig. 6. The pH and the Na+ concentration in the bulk (expelled from the gel) as a
unction of the solids volume fraction for a gel with a pKa value of 4.00, a surface
harge density of −0.5 meq/g, an initial solids volume fraction of 0.01 and an initial
lectrolyte concentration of 0.1 M.

.3. Filtrate conductivity

Fig. 6 also shows that the salt concentration in the solu-
ion expelled from the gel decreases with an increasing level of
ompression. On the basis of this information, one expects the con-
uctivity of filtrate of a polyelectrolyte gel to decrease as filtration
roceeds. It has to be stressed once more, that the overall filtra-
ion process is much more complex than the system presented in
ase 2, as, for compressible materials, different levels of compres-
ion are attained at different positions within the filter cake at any
iven time. Fig. 7 shows the filtrate conductivity as a function of
ime for two filtration experiments with 250 mL of a cross-linked
olyacrylic acid gel supension. Together with the conductivity, the

gure also shows the squared filtrate volume (expressed as squared
iston displacement) as a function of time. Fig. 7 clearly shows the
onductivity to be decreasing over time during filtration, which
s an indication of a decreasing free ion concentration. This is in
ccordance with what one would expect based on the simula-

ig. 7. The filtrate conductivity and squared piston displacement as a function of
ime for dead-end filtration of 4 g/L cross-linked polyacryic acid gels at 300 and
00 kPa.
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tion results. Interestingly, the conductivity starts rising again at
the end of the filtration (marked by the end of the semi-linear
region in the squared filtrate volume vs. time). There are several
possible explanations for this observation. First, liquid from higher
regions in the filter cake, being expelled from the gel in an earlier
stage and at lower solids pressures, can be pushed through the fil-
ter cake and result in an increased filtrate conductivity. Secondly,
the sharp decrease in liquid flow that accompanies the transition
to the expression phase can be expected to increase the relative
importance of evaporation. Finally, at very low liquid velocities,
diffusion might start to play a significant role as well, leading to
new equilibria. It is to be expected that this particular effect is due
to a combination of all of the aforementioned phenomena, possibly
together with other, less conspicuous effects.

6. Discussion

The filtration of compressible materials is a complex process,
which can be simulated relatively accurately based on empirically
determined relationships between local solids pressure, local solids
volume fraction and local filtration resistance [2,31]. Not much
is known, however, about the basic principles that govern these
empirical relationships. For a complex material, like a biotic sludge,
the total compressibility behaviour will be governed by a range of
different factors. From the above, it is clear that osmotic phenomena
can play an important role in determining the dewaterability prop-
erties of some materials. The importance of osmotic pressure over
structural properties (e.g. material elasticity) in turn depends on
both material properties like the abundancy of ionisable groups and
their pKa values, and on bulk properties like salt concentrations and
pH. Curvers et al. [1] showed that for a biotic wastewater sludge,
the osmotic pressure difference does make up a considerable frac-
tion of the total resistance against compression. The results above
show that theoretically, with parameters chosen carefully to reflect
as good as possible the sludge EPS gel matrix, this is to be expected
as well. While the simulation results yield realistic pressure val-
ues, some important parameters are still not sufficiently known. As
pointed out by Mikkelsen [30], it is hard to discern between ionised
and ionisable functional groups. This information is required, how-
ever, for creating a reliable model for surface charge effects. If the
status of the functional groups can be determined accurately, this
model can be a step towards predicting (biotic) sludge compress-
ibility based on fundamental physico-chemical properties.

In Curvers et al. [1], somewhat different behaviours were
observed for centrifugation and filtration compressibility. In the
case of centrifugation, the relative pressure difference upon addi-
tion of salt was observed to increase with increasing pressure, while
for filtration the opposite was observed. This was attributed to fit-
ting errors and measurement errors, as well as to the difference in
the pressure range (0–2000 Pa for centrifugation vs. 50–2000 kPa
for filtration). The model indicates that it is theoretically possible
for a given material bearing surface charges to show a compressibil-
ity behaviour in gravity settling and centrifugation that is different
from the behaviour observed during filtration. In the first case, the
expelled solution remains in contact with the gel, and can still
have an influence on the equilibrium concentrations. In the sec-
ond case, the expelled solution is completely removed, and can no
longer influence the equilibrium between gel and bulk. It has to be
mentioned that both simulated cases are idealisations of the cen-
trifugation and filtration process and are unlikely to fully represent

their real world counterparts, and that only electrostatic interac-
tions are considered here. The simulations confirm the observed
effects insofar that in both cases, the decrease in relative pressure
difference as a function of solids volume fraction is more distinct
at higher solids volume fractions. It cannot be ascertained from
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his to what extent the effect plays an important role in the com-
ressibility of wastewater sludges, but it does offer a supplemental
xplanation for the experimentally observed differences between
entrifugation and filtration.

It is clear that charge equilibria and the state of the (charge bear-
ng) functional groups are important factors in determining the
ompressibility behaviour of materials containing surface charges.
n sewage sludges, the effect of charge regulation might be dimin-
shed by the presence of pH buffering agents. On the other hand, the
harge regulation mechanism itself acts as a buffer system as well,
nd makes up at least a part of the sludge’s total buffer capacity.

An interesting effect, seen both in simulations and in experi-
ental data, is the change of the filtrate composition with the level

f compression. Starting from a homogeneous polyelectrolyte gel
uspension, the measured filtrate conductivity decreases over time
uring the filtration phase. This agrees with the simulation results
hich indicate that the ion concentration decreases upon further

ompression and serves as an extra indication that charge related
rocesses take place during filtration and compression, and play a
ole in determining the material behaviour.

The model system used here, based on polyacrylic acid, is – on
urpose – not nearly as complex as biotic sludge systems and can
nly represent – to some extent – the EPS fraction of activated
ludge. Results from physico-chemical analyses found in the lit-
rature do suggest, however, that EPS makes up a large fraction of
he total sludge biomass and acts as a weakly charged polymer net-
orks. There’s also experimental evidence that charge effects play
prominent role in the overall compressibility of biotic sludges

1,19]. With this in mind, the above compressibility model can serve
o explain the major phenomena that are observed in relation to
harge effects. It is clear that these effects will be negligible in sys-
ems where the compressibility behaviour is determined by non
harge related effects, e.g. coagulated inorganic particles, where
ompressibility can be defined in terms of a yield stress, leading
o irreversible restructing of the solids. On the other hand, the
smotic pressure can be expected to play a role in dewatering of,
or instance, stable colloidal systems, where the importance of the
urface charges shows already in their stabilising role.

. Conclusions

A simple yet relatively complete model and numerical solu-
ion method for describing the effects of osmotic pressure on the
ompressibility of materials bearing surface charges, and its depen-
ence on bulk solution properties is presented. Even though the
odel is not a complete model for total compressibility (lacking

tructural components), it is capable of explaining the effects that
ere observed in [1] with regard to the effect of salt addition on

ewage sludge compressibility.
Besides stressing the importance of proper surface charge deter-

ination, the simulation results also suggest a dependence of
ompressibility on the dewatering method. In the case where the
olution that is removed from the compressed gel stays in con-
act with the gel (e.g. typical centrifugation), the compressibility
roperties can be different from the properties in case the expelled
ater is completely removed (e.g. filtration).
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Fig. 8. The typical form of F([Na+
in

]), showing the difficulties encountered when
seeking its solutions. The largest inset shows a close-up of the region of interest,
with the circle indicating the physically meaningful solution. The small inset shows
F([Na+

in
]) calculated with 53 bit precision.

Appendix A. Numerical solution method

Eqs. (8)–(11) and Eqs. (14)–(16) can be converted into:

[H3O+
out] = [Na+

tot] · Vtot · [H3O+
in] − [Na+

in
] · Vin · [H3O+

in]

[Na+
in

] · Vout
; (A.1)

[OH−
out] = 10−14 · [Na+

in
] · Vout

[Na+
tot] · Vtot · [H3O+

in] − [Na+
in

] · Vin · [H3O+
in]

; (A.2)

[OH−
in] = 10−14

[H3O+
in]

; (A.3)

[Na+
out] = [Na+

tot] · Vtot − [Na+
in

] · Vin

Vout
; (A.4)

[Cl−out] = [Cl−tot] · Vtot · [Na+
in

] · Vout

[Na+
in

] · V2
out + [Na+

tot] · Vtot · Vin − [Na+
in

] · V2
in

; (A.5)

[Cl−in] = [Cl−tot] · Vtot · [Na+
in

] · Vin − [Cl−tot] · [Na+
tot] · Vtot

2

[Na+
in

] · Vin
2 − [Na+

in
] · Vout

2 − [Na+
tot] · Vtot · Vin

; (A.6)

˛ = Ka

[H3O+
in] + Ka

. (A.7)

These can then be subsituted into Eqs. (12) and (13) to yield:

[H3O+
in] + [Na+

in
] = Ka

[H3O+
in] + Ka

· fcp + 10−14

[H3O+
in]

+ [Na+
tot] · [Cl−tot] · V2

tot − [Cl−tot] · Vtot · Vin · [Na+
in

]

[Na+
in

] · V2
out + [Na+

tot] · Vtot · Vin − Vin
2 · [Na+

in
]

;

(A.8)

[H3O+
in] · ([Na+

tot] · Vtot − [Na+
in

] · Vin)

[Na+
in

] · Vout
+ [Na+

tot] · Vtot − [Na+
in

] · Vin

Vout

= 10−14 · [Na+
in

] · Vout
[Na+
tot] · Vtot · [H3O+

in] − [H3O+
in] · [Na+

in
] · Vin

+ [Cl−tot] · Vtot · [Na+
in

] · Vout

[Na+
in

] · V2
out + [Na+

tot] · Vtot · Vin − [Na+
in

] · V2
in

. (A.9)
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Eq. (A.9) is a second order equation in [H3O+
in], which can be

olved for [H3O+
in]. This yields two roots, one of which is negative.

he positive root is:

H3O+
in] = −1

2
· [[Na+

in
]3 · V3

in − 2 · [Na+
tot] · Vtot · [Na+

in
]2 · V2

in

+ [Na+
tot] · V2

tot · [Na+
in

] · Vin − ([Na+
in

]3 · Vin

+ ([Cl−tot] − [Na+
tot]) · Vtot · [Na+

in
]2) · Vout

2

− ([Na+
in

]4 · V6
in − 4 · [Na+

tot] · Vtot · [Na+
in

]3 · V5
in + 6 · [Na+

tot]

·V2
tot · [Na+

in
]2 · V2

in − 4 · [Na+
tot] · V3

tot · [Na+
in

] · V3
in + [Na+

tot]

·V4
tot · V2

in + ([Na+
in

]4 · V2
in + 2 · ([Cl−tot] · Vtot − [Na+

tot] · Vtot)

·[Na+
in

]3 · Vin + ([Cl−tot] · V2
tot − 2 · [Cl−tot] · Vtot · [Na+

tot] · Vtot

+ [Na+
tot] · V2

tot) · [Na+
in

]2) · V4
out − 2 · ([Na+

in
]4 · V4

in + ([Cl−tot]

·Vtot − 3 · [Na+
tot] · Vtot) · [Na+

in
]3 · V3

in − (2 · [Cl−tot] · Vtot

·[Na+
tot] · Vtot − 3 · [Na+

tot] · V2
tot) · [Na+

in
]2 · V2

in + ([Cl−tot]

·Vtot · [Na+
tot] · V2

tot − [Na+
tot] · V3

tot) · [Na+
in

] · Vin) · V2
out

+ 4 · ([Na+
in

]2 · V6
out − 2 · ([Na+

in
]2 · V2

in − [Na+
tot] · Vtot

·[Na+
in

] · Vin) · V4
out + ([Na+

in
]2 · V4

in − 2 · [Na+
tot] · Vtot

·[Na+
in

] · V3
in+[Na+

tot] · V2
tot · V2

in) · V2
out) · 10−14)

−1/2 · [Na+
in

]]

·[[Na+
in

]2 · V3
in − 2 · [Na+

tot] · Vtot · [Na+
in

] · V2
in − ([Na+

in
]2

·Vin − [Na+
tot] · Vtot · [Na+

in
]) · V2

out + [Na+
tot] · V2

tot · Vin]
−1

.

(A.10)

Substituting Eq. (26) into (24) and grouping all terms on one
ide yields an equation with one unkown: F([Na+

in
]) = 0. Once the

olution [Na+
in

] is determined, the other variables can be calcu-
ated using the equations mentioned above. F([Na+

in
]) cannot be

olved analytically, however, and its root has to be found numeri-
ally. Fig. 8 shows the typical form of F([Na+

in
]), and its peculiarities

hat can hamper finding the solution. The circle marks the only
olution that yields physically realistic (i.e. positive) values for the
ther concentrations. The function is not smooth near the solu-
ion and shows a very steep slope at the solution value, which
enders root-finding algorithms based on derivation nearly useless
e.g. Newton’s method or its more efficient derivatives). Further-

ore, between the two extreme zeros the function goes to infinite
alues. Finally, for higher levels of compression, the two extreme
olutions approach each other and the function itself gets steeper
t the solution.

A method that proved satisfying under most conditions is as
ollows. At low levels of compression, the extreme solutions are far
part, and a differentiation based method can be used to find an
nterval comprising the solution (i.e. positive function value on the
eft side and negative on the right). Once such an interval has been
ound, the bisection method is used to find the solution. When the
olution has been found for a first series of solid volume fractions
e.g. the first five values), a Lagrange extrapolation of the last solu-

ions is used to make an estimate of each new solution (at a higher
olids volume fraction). Then, a small region around the estimate
s searched for an interval comprising the solution, upon which
he bisection method can be used again. A final hindrance is that
([Na+

in
]) cannot be calculated using double precision floating point

[
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variables. With a precision of 53 bits (IEEE 754 double precision
binary floating-point format), rounding errors make the calcula-
tion of F([Na+

in
]) erroneous, as shown in the smallest inset of Fig. 8.

This renders any root finding algorithm ineffective. Therefore, all
calculations were performed with a precision of 450 bits, using the
open source mathematical package Sage [32].

A.1. Result checking

Due to the difficulties associated with finding the correct
solution for F([Na+

in
]), different levels of result checking were imple-

mented. The first, and most simple method of checking the validity
of the results is looking at their physical relevance. When an incor-
rect root is chosen for either Eq. (24) or (26), calculating the other
variables will result in negative concentrations. Secondly, after cal-
culating all concentrations, the results were subsituted into Eqs.
(8)–(16). Theoretically, upon grouping all terms on one side, these
equations have to return zero upon subsitution of the correct solu-
tions. Therefore, the maximum deviation was checked at the end of
the algorithm. At a precision of 450 bits, the maximum error for cal-
culating the first case was of the order of magnitude of 1 × 10−130.
Finally, for the second case, it was assured that the stepsize (in
increasing the solids volume fraction) did not influence the results.
From a step number of 50 onwards, corresponding to a maximum
stepsize of 1% in �, the number did not have a significant effect on
the results.
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